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Matrix type of a ring

Definition

matrix type of a ring R:

mt(R) = {(n,m) | Mp(R) = Myp(R)}.

Gébor Braun (Rényi Institute) Rings with pathological matrix rings 25th April 2009 2/12



Matrix type of a ring

matrix type of a ring R:

mt(R) = {(n,m) | Mp(R) = Myp(R)}.

Theorem (BG)

k field:

{mt(R) | R ultramatricial k-algebra} = {=| nk = mk = n = m}.
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Finitely generated projective modules

Definition

R: ring.

Ko(R) = (({P <e¢ R" |n € N},®),<,R),
{z € Ko(R) |z >0} = {P <g R" | n € N}.
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Finitely generated projective modules

R: ring.

Ko(R) = (({P <e¢ R" |n € N},®),<,R),
{z € Ko(R) |z >0} = {P <g R" | n € N}.

k: field.
o Ky(k)=(Z,<,1)
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Finitely generated projective modules

R: ring.

Ko(R) = (({P <e¢ R" |n € N},®),<,R),
{z € Ko(R) |z >0} = {P <g R" | n € N}.

v

k: field.
o Ky(k)
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Ultramatricial algebras and dimension groups

k: field.

Definition

ultramatricial algebra:

oo k(n)
R = U R, where R,, = H Mo,y ()
n=0 1=0
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Ultramatricial algebras and dimension groups

k: field.
Definition
ultramatricial algebra:
R= U R, where R, = H M3 ny ()
n=0 i=0
dimension group:
(D,<,u) = |J(@z,<)*™  with D < Nu.
n=0
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Ultramatricial algebras and dimension groups

k: field.

ultramatricial algebra:

R=|J Rn, where Ry, = [ My i (k)
n=0 i=0
dimension group:
(D,<,u) = |J(@z,<)*™  with D < Nu.
n=0

Theorem (Elliott)

Ky : {ultramatricial algebras} /= = {dimension groups}/=.
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Characterization of matrix types of ultramatricial algebras

@ R ultramatricial algebra.

I

My (R) = My (R) <= Ko(Mn(R)) = Ko(Mp(R))
— (Ko(R),<,nR) = (Ko(R), <,mR).
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Characterization of matrix types of ultramatricial algebras

@ R ultramatricial algebra.

I

My (R) = My (R) <= Ko(Mn(R)) = Ko(Mp(R))
— (Ko(R),<,nR) = (Ko(R), <,mR).

e (D, <,u) dimension group:

JH <QY: (D,<,nu) = (D, <,mu) < €eH

n
m
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Characterization of matrix types of ultramatricial algebras

@ R ultramatricial algebra.

I

My (R) = My (R) <= Ko(Mn(R)) = Ko(Mp(R))
— (Ko(R),<,nR) = (Ko(R), <,mR).

e (D, <,u) dimension group:

JH <QY: (D,<,nu) = (D, <,mu) < €eH

n
m

Theorem (BG)

o H<QX

— 3(D, <,u) dimension group:
o Aut(D,<)= H
e zpu=h-u (heH).
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)
e Rring, (R,+) free
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)
e Rring, (R,+) free
o pB free module
o {wy:be B\ {0}} CZ algebraically independent
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)

e Rring, (R,+) free

o pB free module

o {wy:be B\ {0}} CZ algebraically independent
— G :=(B,Rbwy:be B\ {0}), C B
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)

e Rring, (R,+) free

o pB free module

o {wy:be B\ {0}} CZ algebraically independent
— G :=(B,Rbwy:be B\ {0}), C B

o EndG = R.
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)

e Rring, (R,+) free

o pB free module

o {wy:be B\ {0}} CZ algebraically independent
— G :=(B,Rbwy:be B\ {0}), C B

o EndG = R.

V.
Our case

e R=7H, rank B = Nj.

A,
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Theorem (A.L.S. Corner)

e Rring, (R,+) free
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o EndG = R.
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e R=7H, rank B = Nj.
o AutG = +H.
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)

e Rring, (R,+) free

o pB free module

o {wy:be B\ {0}} CZ algebraically independent
— G = (B,Rbwy:be B\{0}),CB

o EndG = R.

V.
Our case

e R=7H, rank B = N.

o AutG = +H.

e D:=;Qua zG

@ Hard part: < such that (D, <, u) dimension group

A,
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Abelian groups with prescribed endomorphism rings

Theorem (A.L.S. Corner)

e Rring, (R,+) free

o pB free module

o {wy:be B\ {0}} CZ algebraically independent
— G = (B,Rbwy:be B\{0}),CB

o EndG = R.

V.
Our case

e R=7H, rank B = N.

o AutG = +H.

e D:=;Qua zG

@ Hard part: < such that (D, <, u) dimension group
— Aut(D,<)=H.

A,
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An easy dimension group

Order on free base

o t,cZt
@ B:=(ye<“2|y=y0+t,- yl) free
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An easy dimension group

Order on free base

o t,cZt

@ B:=(ye<“2|y=y0+t,- yl) free
° By, = H(Zy,S)QB
yen2
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An easy dimension group

Order on free base

o t,cZt

@ B:=(ye<“2|y=y0+t,- yl) free
e B, = H (Zy,<)C B
yen2
o (1,ty): By — By, x By, = B, reflects order
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An easy dimension group

o t,€Z"
@ B:=(ye<“2|y=y0+t,- yl) free
e B, = H (Zy,<)C B
yen2
o (1,ty): By — By x By, = B4 reflects order

Dimension group (Qu & B, <, u)

Qué B, =Q(u— Y y) x (B, <)

yen2
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Division and order

D dimension group:

rank D < oo = (D, <) = [[(Ds,<) D; CQ.
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Division and order

D dimension group:

rank D < oo = (D, <) = [[(Ds,<) D; CQ.

Division in dimension groups

o A= (c,y,=Y) C (QRe, <) x (QRy, <)
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Division and order

D dimension group:
rank D < oo = (D, <) = [[(Ds,<) D; CQ.
Division in dimension groups

o A= (c,y, <Y C (QRc, <) x (QRy, <)
o y=19y0+pk- -yl
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Division and order

D dimension group:

rank D < oo = (D, <) = [[(Ds,<) D; CQ.

Division in dimension groups
o A:={cy, 5¥) C (QRc, <) x (QRy, <)
o y=1y0+pk-yl

o A® Ryl = (R(C_yo

),g) x (Ry0, <) x (Ryl, <)

(o, B,7) — (po, o+ B,pkB + )
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Division and order

D dimension group:

rank D < oo = (D, <) = [[(Ds,<) D; CQ.

Division in dimension groups
o A:={cy, 5¥) C (QRc, <) x (QRy, <)
o y=1y0+pk-yl

o4 c(r (c_pyo) <) % (By0.9) X (RyL, <)
(,8 ) (po,a+B,pkB )
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
@ t, € Z* such that YmVn > m: m | t,
@ B=(ye<¥2|y=y0+t, yl)g free
o B, = [[(Ry,<)CB
y€e™2
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Order and structure of main part

° R:=Z7ZH = P (Zzp, <)
heH
@ t, € Z* such that YmVn > m: m | t,

@ B=(ye<¥2|y=y0+t, yl)g free
o B, = [[(Ry,<)CB
yen2

@ Z-adic integers: w(()n) €z
o wl()O) = Wp

° wl()") - tnwénﬂ) €EZ, YmVn>m:m|t;- -ty
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
tn, € ZT such that VmVn > m: m | t,
B:=(ye<“2|y=y0+t, yl)g free
B, =[] (Ry,<)C B
y€e™2

@ Z-adic integers: w(()n) €z

o w¥ = w
p — Wb
° wl()") - tnwénﬂ) €EZ, YmVn>m:m|t;- -ty

G = (B, Rbw{" : b€ B\ {0},n € N)
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
tn, € ZT such that VmVn > m: m | t,
B:=(ye<“2|y=y0+t, yl)g free
B, =[] (Ry,<)C B
y€e™2

@ Z-adic integers: w(()n) €z
] wl()O) = Wy
° wl()") - tnwénﬂ) €EZ, YmVn>m:m|t;- -ty

G = (B, Rbw{" : b€ B\ {0},n € N)

o
e Partially-ordered subgroups: (n fixed)
(B, <) x @ (R(bw]" ). <)
beB ST~
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
tn, € ZT such that VmVn > m: m | t,
B:=(ye<“2|y=y0+t, yl)g free
B, =[] (Ry,<)C B
y€e™2

@ Z-adic integers: w(()n) €z

] wl()O) = Wy
(n) (n+1)

o wy —tywy €EZ, YmVn>m:m|t;- -ty
G = (B, Rbw{" : b€ B\ {0},n € N)
Partially-ordered subgroups: (n fixed)
(B,<) x @ (R(bwy™ +d(b,n)), <) d(b,n) € B.
beB ST

(n)
cbn
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Order and structure of main part

o R:=72H = P (Zay, <)
heH
tn, € ZT such that VmVn > m: m | t,
B:=(ye<“2|y=y0+t, yl)g free
B, =[] (Ry,<)C B
y€e™2

@ Z-adic integers: w(()n) €z

] wl()O) = Wy

° wl()") — tnwénﬂ) €EZ, YmVn>m:m|t;- -ty
G = (B, Rbw{" : b€ B\ {0},n € N)

Partially-ordered subgroups: (n fixed)

(B,<) x P(ROwS™ +d(b,n)),<) d(bn) € B.
veBp TT—————

(n)
cbn

° Cl(,n) - tncz()nﬂ) =D yena? - Y0 compatible
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Adding an order unit

An order of a free group

@ B:=(ye€ <¥2|y=y0+yl) free Abelian group.
e B, = H (Zy, <) C B
ye2
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Adding an order unit

An order of a free group

@ B:=(ye€ <¥2|y=y0+yl) free Abelian group.
e B, = H (Zy, <) C B
ye2

v
Becomes a dimension group

@ Zu @ B, where w is an order unit.

© Zu® By =Z(u— »_ y),<) % (Bn,<)
yen2
N—_————

Un

Gébor Braun (Rényi Institute) Rings with pathological matrix rings 25th April 2009 10 / 12



Adding an order unit

An order of a free group

sp € Z1 such that Ym¥n > m: m | s,

kn = 81...5n
B:=(y€ <2 |y=y0+ s> yl) free Abelian group.

y€en2

v

Becomes a dimension group

@ Qu @ B, where u is an order unit.

u
C Zﬁ@Bn:Z(k__kn Z y), <) x (Bn, <)
n yen2

@ Up — SpUntl = ZyEHQ? -0

A\
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Putting the order together

D=QuaG

Partially-ordered subgroups

n
° Gn:anHRcl(:) aye
i=1
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Putting the order together

D=QuaG

Partially-ordered subgroups

n

° Gn:anHRcl(:) aye
i=1

e Zv, X B, |,

Un = é% - En 2{: Yy

yen2
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Putting the order together

D=QuaG

Partially-ordered subgroups

n

° Gn:anHRcl(:) aye
i=1

e Zv, xG, ,

Up, :k—i— kn, Zy—i—l Zcbn)

ye™2
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Putting the order together

D=QuaG

Partially-ordered subgroups

n
o G, =B, X HRCI(:) aye
i=1
® Zvpr X Gyl p, F C H finite

UnF—kE—Zh zp | kn Zy—i—l Zcbn)

heF yen2
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