Flat Model Structures for Nonunital Rings

Sergio Estrada Dominguez

Universidad de Murcia

A conference in Honor of Ridiger Gébel
April 2009




Outline

Motivation
m Preliminaries

The basic problem we study
m A generator for Mt(A)
m Main Goal

h-unitary Flat Model structure in 9t(A)
m h-unitary complexes of modules

m Quillen Model Structure

m Complete cotorsion pairs in C(M(A))
m Monoidal Model Structure

m Homological Algebra in Mt(A)




Outline

Motivation
m Preliminaries




A: nonunital k-algebra (or an associative ring without 1).

Definition
“A” satisfies excision in Bar, cyclic and Hochschild (or in
algebraic K-theory) if the corresponding homology groups (or

K-groups) does not depend upon the extension of A into a
unital k-algebra R.
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Theorem (Wodzicki)

FAE:
m A s H-unital.
m A satisfies excision in cyclic homology.
m A satisfies excision in Hochschild homology.
m A satisfies excision in Bar homology.




A. A. Suslin and M. Wodzicki, Excision in algebraic K-theory,
Ann. of Math. 136 (1992), 51-122.

Theorem (Suslin-Wokzicki )

Let A be Q-algebra.
A satisfies excision in K-Theory < A is H-unital.
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= Approximations to the different homology theories by using
quasi-free resolutions.
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* Quillen defines a variant of KyA for rings without 1, which is
Morita invariant in very general terms.

This alternate definition is made out of the category of
A-modules (by considering projective resolutions of
A-modules.)

Eventually we would like to compute homology
(and K-Theory) without leaving the category of A-modules.

Our Goal: Define the suitable framework to develop a version
of Morita invariant relative homological algebra for nonunital
algebras.




Definition (Quillen)
A nonunital ring is h-unital if Torg‘(Z, A)=0,vn>0.

Definition (Suslin-Wodzicki)

Let A= 7 x A. A left A-module M is h-unitary if A@z M = M
and Tor%(A, M) = 0,¥Yn > 1 or, equivalently, if Tor}(Z, M) = 0,
vn > 0.
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S. Estrada and P.A. Guil-Asensio, Quillen monoidal model
structures for nonunital rings, submitted.

m Main idea: Consider 9t(A): category of h-unitary modules.

m Is canonically excisive.

m Every A-module M admits a right minimal approximation by
an h-unitary M;,.

m Define the homology of A from its minimal approximation by
an h-unital Ap.

m The category C(97t(A)) admits a Flat Model structure (in
the sense of Quillen) = D(M(A)) .
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h-unitary flat resolutions

Problem: 9t(A) does not have in general enough projectives!.

Proposition
M(A) has a flat generator (and h-unitary).

Problem: these resolutions are not unique up to homotopy, so
they are not suitable to define torsion functors.




Outline

The basic problem we study

m Main Goal




Quillen Model Structure

D. Quillen, "Homotopical Algebra”, Lecture Notes in
Mathematics, vol. 43, Springer-Verlag, Berlin/New York, 1967.

Idea: To impose a Flat Model Structure compatible with the
tensor product in C(M(A)).

Advantages:
m The derived category D(9t(A)) does not depend of the
extension of A by R (with 1).
m It allows to define homology and cohomology functors in
M(A).
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We take the proper class (Mac Lane) of all short exact
sequences in A-Mod whose modules are h-unitary.

M (A) has the 2-0f-3 property for s.e.s. in A-Mod.
9M(A) is a A-accesible category.

F: the class of all flat and h-unitary modules.
C={CeMmA): Ext;m(A)(F, C)=0, VF € F}
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h-unitary Flat Model structure in 9t(A)
m h-unitary complexes of modules




C(M(A)): category of unbounded complexes of h-unitary
modules.

5/1

M=o M1 2 i

M' is h-unitary, Vi € Z. ‘
ZiM the r'th cyclic module ker(d')
BiM, el i'th boundary module ITm ('~ 7).




C € C("Mm(A)) is F-cotorsion if C is exact and Z,C € C, for
all n € Z. C: the class of all F-cotorsion complexes.

F e C(M(A)) is h-unitary dg-flat if F” is h-unitary flat for
all n € Z and, for each F-cotorsion complex C, Hom(F, C)
is an exact complex in Z-Mod. dgf“: the class of h-unitary
dg-flat complexes.
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F e C(M(A)) is h-unitary dg-flat if F” is h-unitary flat for
all n € Z and, for each F-cotorsion complex C, Hom(F, C)
is an exact complex in Z-Mod. dgﬁ“: the class of h-unitary
dg-flat complexes.

X € C(M(A)) is h-unitary flat if X is exact and Z,X € F,

vn € Z. F: the class of all flat h-unitary complexes.

Y € C("M(A)) is dg-cotorsion if Y, € C and Hom(X, Y) is
exact, for each h-unitary flat complex para X. dgC: the
class of dg-cotorsion complexes.
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m Complete cotorsion pairs in C(M(A))
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The pairs (F, dgC) y (dgF,C) are cotorsion pairs.

The pairs (F, dgC) y (dgF
dgFNE=FydgCnéE=C

,C
,C) are complete.
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The previous Model Structure in C(99t(A)) is compatible with
the usual tensor product of complexes.
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by the quasi-isomorphisms).




Definition
Given M and N h-unitary modules. We define Ext}(M, N) as

Homypgna)) (S(M), S"(N)) = Homeanay) (Q, P)/ ~

where Q is a cofibrant replacement of S(M) and P is a fibrant
replacement of S"(N) (~ denotes the equivalence class given
by the quasi-isomorphisms).

The previous definition coincides with the usual definition of
Extg\(M, N) computed from an injective coresolution of N.
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