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correspond 1-1 to finitely generated projective R—modules.
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Motivation from algebraic geometry: Drinfeld’'s question

Theorem (Serre'1955)

Finite dimensional vector bundles on the affine scheme Spec(R)
correspond 1-1 to finitely generated projective R—modules.

[Drinfeld'2006]

What is the correct definition of an (infinite—dimensional) vector
bundle on a scheme X7

V.Drinfeld: “Infinite—dimensional vector bundles in algebraic geometry:
an introduction,” The Unity of Mathematics, Birkhauser, Boston 2006,
263-304.
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the R—module of sections '(Spec(R), §) is projective.

'Slightly different definition’ [Drinfeld’06, Asensio—Estrada—Prest-T.]
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Let X be a scheme. A quasi—coherent sheaf of Ox-modules §
is a vector bundle on X if for each open affine subset Spec(R) C X,
the R—module of sections '(Spec(R), §) is projective.

'Slightly different definition’ [Drinfeld'06, Asensio—Estrada—Prest—T.]

Replace 'projective’ by 'flat Mittag—Leffler’ above.
Then § is called the Drinfeld vector bundle.

[Gillespie'2007]
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Proposed answers

[Drinfeld'2006]

Let X be a scheme. A quasi—coherent sheaf of Ox-modules §
is a vector bundle on X if for each open affine subset Spec(R) C X,
the R—module of sections '(Spec(R), §) is projective.

'Slightly different definition’ [Drinfeld'06, Asensio—Estrada—Prest—T.]

Replace 'projective’ by 'flat Mittag—Leffler’ above.
Then § is called the Drinfeld vector bundle.

o

[Gillespie'2007]

Replace 'projective’ by 'flat’.
Then § is the flat quasi—coherent sheaf.
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The classes of modules involved

P the class of all projective modules

(= direct summands of free modules = the modules P such that
the functor Homg(P, —) is exact).
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P the class of all projective modules
(= direct summands of free modules = the modules P such that
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F  the class of all flat modules (= direct limits of free modules =
the modules F such that the functor F @ — is exact).

L the class of all Mittag—Leffler modules, ie., the modules M such that
the canonical map M ®g [[;c; Mi — [];c; M ®r M; is monic for each
family of left R—modules (M; | i € I).
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The classes of modules involved

P the class of all projective modules
(= direct summands of free modules = the modules P such that
the functor Homg(P, —) is exact).

F  the class of all flat modules (= direct limits of free modules =
the modules F such that the functor F @ — is exact).

L the class of all Mittag—Leffler modules, ie., the modules M such that
the canonical map M ®g [[;c; Mi — [];c; M ®r M; is monic for each
family of left R—modules (M; | i € I).

i€l

D =FNL theclass of all flat Mittag-Leffler modules. J
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Some well-known facts

PCDCF.

N o

If any two of these classes coincide, then all coincide.

This happens iff R is a right perfect ring
(ie., R has dcc on principal left ideals).
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If any two of these classes coincide, then all coincide.
This happens iff R is a right perfect ring
(ie., R has dcc on principal left ideals).

[Kaplansky'1958] The class P is classifiable:
Each module in P is a direct sum of countably generated modules.
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Some well-known facts

PCDCF. J

If any two of these classes coincide, then all coincide.
This happens iff R is a right perfect ring
(ie., R has dcc on principal left ideals).

[Kaplansky'1958] The class P is classifiable:
Each module in P is a direct sum of countably generated modules.

The class F is not classifiable in case R is not right perfect
(eg., F = all torsion—free groups in case R = 7).
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Theorem (Raynaud—Gruson'1971)

Let R be a ring and M a module. Then the following are equivalent:
@ M is a flat Mittag—Leffler module (ie., M € D).

o Every finite (or countable) subset of M is contained in a countably
generated projective submodule which is pure in M.
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The 'sandwich’ class D

Theorem (Raynaud—Gruson'1971)

Let R be a ring and M a module. Then the following are equivalent:
@ M is a flat Mittag—Leffler module (ie., M € D).

o Every finite (or countable) subset of M is contained in a countably
generated projective submodule which is pure in M.

Example (Azumaya—Facchini'1989)

D is the class of all X;—free groups for R = Z.
(A group is Ni—free if each of its countable subgroups is free.)
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Definition (Shelah'1981, Eklof-Mekler'2002)

Let R be a ring and k a regular uncountable cardinal. A module M is
k~-projective if there is a set S consisting of submodules of M such that

@ each element of S is a < k generated projective module;

@ each subset of M of cardinality < k is contained in an element of S;

@ S is closed under unions of well-ordered chains of length < k.

Theorem (Herbera-T.)

Let R be a ring and M be a module. Then
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Almost free modules via tensor products

Definition (Shelah'1981, Eklof-Mekler'2002)

Let R be a ring and k a regular uncountable cardinal. A module M is
k~-projective if there is a set S consisting of submodules of M such that

@ each element of S is a < k generated projective module;

@ each subset of M of cardinality < k is contained in an element of S;

@ S is closed under unions of well-ordered chains of length < k.

Theorem (Herbera-T.)

Let R be a ring and M be a module. Then
@ M is a flat Mittag—Leffler module if and only if M is ¥i—projective.
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Almost free modules via tensor products

Definition (Shelah'1981, Eklof-Mekler'2002)

Let R be a ring and k a regular uncountable cardinal. A module M is
k~-projective if there is a set S consisting of submodules of M such that

@ each element of S is a < k generated projective module;

@ each subset of M of cardinality < k is contained in an element of S;

@ S is closed under unions of well-ordered chains of length < k.

Theorem (Herbera-T.)

Let R be a ring and M be a module. Then
@ M is a flat Mittag—Leffler module if and only if M is ¥i—projective.

o If k is a regular uncountable cardinal and M is k—projective,
then M is a flat Mittag—Leffler module.
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The classes P, D, and F are resolving classes closed under direct
summands and transfinite extensions.
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Closure properties

The classes P, D, and F are resolving classes closed under direct
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Moreover, D and F are closed under pure submodules.

Definition

Let R be a ring, M a module, and C a class of modules.
M is a transfinite extension of modules in C (or a C—filtered module)
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Closure properties

The classes P, D, and F are resolving classes closed under direct
summands and transfinite extensions.

Moreover, D and F are closed under pure submodules.

Definition

Let R be a ring, M a module, and C a class of modules.

M is a transfinite extension of modules in C (or a C—filtered module)

in case there is a continuous increasing chain (M, | a < ) of submodules
of M such that M = M), and for each a@ < A,
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Moreover, D and F are closed under pure submodules.

Definition

Let R be a ring, M a module, and C a class of modules.

M is a transfinite extension of modules in C (or a C—filtered module)

in case there is a continuous increasing chain (M, | a < ) of submodules
of M such that M = M), and for each a@ < A,

My+1/ M, is isomorphic to an element of C.
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Closure properties

The classes P, D, and F are resolving classes closed under direct
summands and transfinite extensions.

Moreover, D and F are closed under pure submodules.

Definition

Let R be a ring, M a module, and C a class of modules.

M is a transfinite extension of modules in C (or a C—filtered module)

in case there is a continuous increasing chain (M, | a < ) of submodules
of M such that M = M), and for each a@ < A,

My+1/ M, is isomorphic to an element of C.

Direct sums of copies of modules from C are always C—filtered.
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representations of the quiver Qx = (V, E), where

V' is a covering subfamily of all open affine sets of X, and
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Thus we identify quasi—coherent sheaves on X with compatible systems

o
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Theorem (Enochs—Estrada’2005)

There is an equivalence between the category Qco(X) of all
quasi—coherent sheaves on a scheme X, and the category of certain
representations of the quiver Qx = (V, E), where

V' is a covering subfamily of all open affine sets of X, and

v— Vv iffv Cv.

Thus we identify quasi—coherent sheaves on X with compatible systems
consisting of systems of R(v)-modules M = (M(v) | v € V), where
R(v)s are the rings from the structure sheaf Ox, and systems of
R(u)-homomorphisms py, : M(u) — M(v) for each arrow u — v in E,
satisfying

0 idr(v) ® puv : R(V) ®r(u) Mu — R(v) ®p(u) M(v) = M(v)
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Quasi—coherent sheaves via compatible systems

Theorem (Enochs—Estrada’2005)

There is an equivalence between the category Qco(X) of all
quasi—coherent sheaves on a scheme X, and the category of certain
representations of the quiver Qx = (V, E), where

V' is a covering subfamily of all open affine sets of X, and

v— Vv iffv Cv.

Thus we identify quasi—coherent sheaves on X with compatible systems
consisting of systems of R(v)-modules M = (M(v) | v € V), where
R(v)s are the rings from the structure sheaf Ox, and systems of
R(u)-homomorphisms py, : M(u) — M(v) for each arrow u — v in E,
satisfying

0 idr(v) ® puv : R(V) ®r(u) Mu — R(v) ®p(u) M(v) = M(v)
is an isomorphism for each arrow u — v in E, and

o if wCvCuinV, then pyw = puw © puv-

v
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Particular instances

Vector bundles: M = (M(v) | v € V) consists of projective modules. J

Drinfeld vector bundles: M consists of flat Mittag—Leffler modules. )
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Particular instances

Vector bundles: M = (M(v) | v € V) consists of projective modules. J

Drinfeld vector bundles: M consists of flat Mittag—Leffler modules. )

Flat quasi—coherent sheaves: M consists of flat modules. )
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For a class of modules C, let

Ct+ = Ker Ext}? (C,—) and *+C = Ker Ext}? (-, 0).

Theorem (Hovey'2002, Gillespie'2007, Asensio—Estrada—Prest-T.)

Let X be a semi—separated scheme and « an infinite cardinal.

For each v € V, let S, be a syzygy closed set of < k—presented flat
R(v)-modules such that M ®p(,y N € S, for all M, N € S, .

Let F, = +(S;-), and let C denote the class of all quasi-coherent sheaves
with M(v) € F,.

Then there is a monoidal model category structure on C(Qco(X)) such
that the weak equivalences are homology isomorphisms, and cofibrations
are monomorphisms whose cokernels are dg—-C—complexes of
quasi—coherent sheaves (ie., the complexes C € C such that all f : C — D
are null homotopic whenever D,(v) € S+ for all n < w).
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[Asensio—Estrada—Prest—T.] 'Restricted’ Drinfeld vector bundles, etc.
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Deconstructibility, and the case of Drinfeld vector bundles

Definition (Eklof)

A class of modules C is deconstructible in case there is a cardinal s such
that each M € C is a transfinite extension of < k—presented modules in C.

The crucial question: s there a subset S C D such that D = +(5+)?
Equivalently: Is D deconstructible?

Theorem (Herbera-T.)

Let R be a ring. Then the following conditions are equivalent:

@ The class D is deconstructible.

@ R is a right perfect ring.

Corollary

The homotopy theory tools above apply to vector bundles and flat
quasi—coherent sheaves, but not to Drinfeld vector bundles.
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with C’ € C has a factorization through f:

f

%M

74

Each class of the form & is precovering provided it is deconstructible.
In particular, the classes P and F are precovering.

(@)

!

O — — >

Theorem (Gobel-T.'00, Eklof-Shelah'03, Asensio—Estrada—Prest—T.)
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Let R be a ring. A class of modules C is precovering if for each module M
there is f € Homg(C, M) with C € C such that each f’ € Homg(C’, M)
with C’ € C has a factorization through f:

Each class of the form & is precovering provided it is deconstructible.
In particular, the classes P and F are precovering.

Theorem (Gobel-T.'00, Eklof-Shelah'03, Asensio—Estrada—Prest—T.)

The class D (= all Ny—free abelian groups) is not precovering for R = Z.
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